The spectacular images of the M87 black hole taken by the Event Horizon Telescope (EHT) have opened a new era of black hole research. One of the next issues is to take polarization images around the central black hole (BH). Since radio emission is produced by synchrotron process, polarization properties should vividly reflect the magnetic field structures at the jet base and thus provide good information regarding the magnetic mechanism of jet formation. With this kept in mind we perform general relativistic (GR) radiative transfer calculations of polarized light based on the GR magnetohydrodynamic (MHD) simulation data of accretion flow and outflow in M87, to obtain their linear and circular polarization images in the BH horizonscale. We found that the linear polarization components originating from the jet base and inner accretion flow should experience Faraday rotation and depolarization when passing through magnetized plasmas around the BH, thus sensitively depending on the BH spin. Through the comparison with total intensity image at 1.3 mm by EHT and the polarization degree and the rotation measure (RM) measured at 1.3 mm with the Submillimeter Array, the model with the spin parameter of a = 0.9M BH (with M BH being the BH mass) is favored over other models with a = 0.5M BH or 0.99M BH , though we need further systematic studies for confirmation. We also find in low-temperature models clear ring-like image in the circular polarization map, which arises because of Faraday conversion of the linearly polarized synchrotron emission and is thus indicative of magnetic field direction. This occurs only when the emission region is threaded with well-ordered magnetic fields and hence no clear images are expected in high-temperature disk models, in which disk emission is appreciable. We will be able to elucidate the field configuration through the comparison between the simulated polarization images and future polarimetry with EHT and other VLBI observations.
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Introduction
It had been a widely accepted hypothesis that accretion onto a supermassive black hole (SMBH) produces enormous power from active galactic nuclei (AGNs). Recently, this hypothesis has been directly proven by observations with the Event Horizon Telescope (EHT), a global VLBI (very long baseline interferometry) array with an unprecedented spatial resolution of ∼ 25 µas (although other possibilities are not completely ruled out, EHT Collaboration et al. 2019a) . The EHT has captured the first horizon-scale images of the central SMBH in the low luminosity AGN (LLAGN; Nagar et al. 2000) M87 at 230 GHz (EHT Collaboration et al. 2019a ). The first obtained images exhibit a shadow of the black hole (Hilbert 1916; von Laue 1921) surrounded by a photon ring (Bardeen 1973; Falcke et al. 2000; Takahashi 2004 ), for the BH silhouette with a luminous accretion disk, see Luminet (1979) and Fukue & Yokoyama (1988) .
As is well known, AGNs are the persistent origin of high energy phenomena, such as intense and variable radiation in all wavelengths and powerful outflow, thereby affecting the evolution of their host galaxies and member stars. In addition, AGNs are occasionally associated with relativistic, collimated jets (Blandford & Königl 1979) , though the acceleration and collimation mechanisms of the jets still remain open questions. There are plenty of ideas that have been proposed; e.g., relativistic jets could be driven by the extraction of black hole spin energy (Blandford & Znajek 1977) , but the relationship between the presence of relativistic jets and the black hole spin is still controversial. This is definitely one of the most outstanding unresolved issues in modern astronomy. It is interesting and also surprising, in a sense, to note in this context that no clear jet images were obtained in the EHT observation of M87, despite the fact that M87 is famous in exhibiting extended jet features in optical and in longer wavelength radio bands. Sparse coverages of the 2017 EHT array do not provide high dynamic ranges for the images enough to capture the more extended jet emission, which becomes fainter and optically thinner than longer observing wavelengths.
The most promising models to date for producing AGN jets are those making use of magnetic fields. Hence, an important clue to resolving the jet enigma should be provided by magnetic-field structure at the launching point of the jet close to the SMBH. Magnetic fields are also known to play a predominant role in accretion flow and for this reason multidimensional MHD (magnetohydrodynamical) simulations have been performed rather extensively in these days by many groups (e.g. Mościbrodzka et al. 2016; Chael et al. 2019) . We should keep in mind that such theoretical models of accretion flows and relativistic jet have uncertainties (such as initial magnetic field configurations) and that the results may sensitively depend on model parameters (e.g., prescriptions to calculate electron temperatures; EHT Collaboration et al. 2019e) . We should point that observational appearance of accretion flow and jets may drastically vary, as a viewing angle changes. But nevertheless some GRMHD (general relativistic magnetohydrodynamic) simulations could successfully reproduce the main observational features of the M87 jet (Nakamura et al. 2018; Chael et al. 2019; EHT Collaboration et al. 2019e) . In order to mediate between such models and observations, it will very useful to calculate theoretical images of AGN accretion flow and outflow by solving radiative transfer problems (Dexter et al. 2012; Mościbrodzka et al. 2016; Chael et al. 2019 ).
In the present study, we focus on the polarization properties of the black hole images. It is known that polarization images calculated by polarized radiative transfer vividly reflect magnetic structure in plasma (Broderick & Loeb 2009; Dexter 2016; Chael et al. 2016; Mościbrodzka et al. 2017; Anantua et al. 2018 ). There are some previous studies of polarization in the core region of AGNs, Mościbrodzka et al. (2017) focused on the Faraday rotation in M87 jet. In their SANE (standard and normal evolution) models, emission in the counter-jet (i.e., the jet receding from the observer) is dominant for 230 GHz image, and depolarized when passing through the accretion disk. As a result, the foreground (approaching) jet significantly contributes to linear polarization. Comparing such theoretical images with those obtained by the VLBI observations with superb spatial resolution, we can elucidate actual magnetic structure around the SMBH. In fact, we could see the base of jet near to the black hole in 22, 43 and 86 GHz VLBI observations, and the horizon-scale disk and/or jet with the EHT at 230, 345 and 690 GHz. From these observation, we will be able to verify the Blandford-Znajek process (Blandford & Znajek 1977; Beskin 2009; Tchekhovskoy et al. 2011) , which was strongly favored by parameter analysis in the EHT observation (EHT Collaboration et al. 2019e) , and/or the Blandford-Payne process (Blandford & Payne 1982) , promising mechanisms of creating relativistic jets and/or outflow in AGN.
The typical scenario for the origin of polarized radio emission in AGN is as follows: first, linearly polarized radiation is produced by synchrotron emission in a compact, energetic region; i.e., in the inner disk and/or at the jet base. Such lin-early polarized light then experiences Faraday effects, especially Faraday rotation of linear polarization (e.g. Agol 2000; Marrone et al. 2006; Kuo et al. 2014) , when it passes through outer, magnetized regions, so-called the Faraday screen. As a result, we expect that linearly polarized light should be depolarized significantly, and that the initial information, e.g., magnetic field configuration, is lost. However, the actual situation may not be so simple. Synchrotron emission arises in the Faraday screen, and the Faraday effects manifest themselves even in such energetic region as the jet base. Therefore, we need to consider all of these polarization process in the whole region for precisely calculating polarization properties to be compared with polarimetry data.
With such thoughts kept in mind, we performed general relativistic radiative transfer (GRRT) simulations, taking into account full polarization in mm-submm wavelengths. The radiation in these wavelength ranges is characterized by high polarization degrees owing to substantial synchrotron emission from relativistic plasma near to the black hole. Since the polarization properties can be described in terms of the four Stokes parameters, we here simulate synchrotron emission, synchrotron selfabsorption of each polarization component, and the Faraday effects between Stokes parameters (i.e., the Faraday rotation and the Faraday conversion). The polarization image obtained here reflects the distorted black hole spacetime, as well as the magnetic field configurations and the bulk motions of the plasma. We thus expect to find the black-hole spin dependence of the observed polarization images.
There are several differences between Mościbrodzka et al. (2017) and the present paper: First of all, we pay special attention to the properties of the circular polarization, which are amplified by the Faraday conversion of the linear polarization, in addition to the liner polarization. We will demonstrate in the present study that the circular polarization, as well as the linear polarization, contains important clues to resolving the magnetic-field structure in the emission region near the BH. Next, our axi-symmetric semi-MAD jets are stronger than SANE jets and are consistent with multi-wavelengths observations in these shape (Nakamura et al. 2018) , and this enables us to compare the horizon-scale image with EHT observation more consistently. Finally, we also examine the BH spin dependence of the linear polarization maps. This paper is organized in the following way: In section 2, we introduce our models based on the GRMHD simulation data by Nakamura et al. (2018) and describe our methods of polarized radiative transfer calculation. We then show the results of the calculated polarization images in various parameter ranges in section 3 and present discussion regarding the comparison with observations etc in section 4. A final section is devoted to conclusions.
Our Models and Methods of Calculations
Our study is in two parts: (1) GRMHD simulations with data taken from Nakamura et al. (2018) and (2) polarized GRRT calculations. We will describe each of them in the following two sections.
GRMHD simulation model of LLAGNs with jet
Nakamura et al. (2018) simulated axisymmetric jet structure, starting with a weakly magnetized torus around a BH, by using the HARM code (Gammie et al. 2003) . By adjusting parameters, such as the magnetic configuration of the jets and the minimum plasma-β in torus, they succeeded in reproducing a converging, quasi-stationary jet with a parabolic streamline of z ∝ R 1.6 (with z and R being the half-width of the jet and distance from the black hole), in excellent agreement with the VLBI observations (Asada & Nakamura 2012; Doeleman et al. 2012; Nakamura & Asada 2013; Hada et al. 2013; Akiyama et al. 2015; Hada et al. 2016, and figure 15 in Nakamura et al. 2018) .
The 'phi' values of φ ≡ Φ √Ṁ , which is defined as the normalized magnetic flux crossing the BH, are ∼ 30 in our models (Nakamura et al. 2018) , near to but a bit less than a popular definition of MAD state of 40-60. Therefore we refer the models as 'semi-MAD'. The magnetic field strength reaches its maximum of ≈ 50 Gauss near the black hole in our fiducial model. This value is consistent with the values obtained by the previous works regarding the M87 core region; Kino et al. (2015) report 50G The model parameters of the GRMHD simulations are the black hole mass, MBH, and the black hole spin, aBH. The mass accretion rate in the horizonṀ is not a free parameter, since we adjust this so as to reproduce the observed intensity of M87 (explained in 2.3). Note that density normalization can be taken arbitrarily in non-radiative MHD simulations, since density and field strength square can be scaled, as long as we fix their ratio.
Polarized radiative transfer calculation
We perform 3D-GR ray-tracing in Boyer-Lindquist coordinates (t, r, θ, φ) by means of 4th order Runge-Kutta method, rewinding time in infinity t from pixels on the observer's screen to plasma region according to the following equations (here, we take c = G = MBH = 1); nearly edge-on model a09R100-i20 0.9 100 20 • 1.5 × 10 −3 1.5% 6.3 × 10 4 no image a05R100-i20 0.5 100 20 Table 1 . Calculated models and calculated mass accretion rate,Ṁ , polarization fraction, π = Q 2 + U 2 + V 2 /I, and rotation measure (RM) calculated from 230 & 235 GHz simulations. In all models we fix the black hole mass to be M BH = 6.5 × 10 9 M and temperature ratio between electron-proton in low-β region to be R low = 1. Free parameters are the black hole spin a BH , temperature ratio in high-β region R high and inclination angle i. The mass accretion rateṀ is a scaling parameter to the 230 GHz-observed flux of M87, ≈ 0.5Jy.
where λ is an affine parameter, E, L, and Q are the energy, angular momentum, and Carter constant of a particle (Carter 1968 ), respectively (Bardeen et al. 1972; Chandrasekhar 1983; Moriyama & Mineshige 2015) . We let µ = 0 for photons. Once we find the path of each ray, we can integrate each polarization component expressed by the Stokes parameters (I, Q, U, V ) along the ray from plasma to the screen. The equations of polarized radiative transfer are;
Here λ is common with GR ray-tracing, and
where g ≡ ν obs /νem, are invariant forms in plasma rest frame coordinates by tetrad basis (e µ (t) , e µ (r) , e µ (θ) , e µ (φ) ) (Krolik et al. 2005; Shcherbakov & Huang 2011; Kulkarni et al. 2011; Dexter 2016) . We implemented polarized radiative coefficients (j * , α * , ρ * ) of synchrotron electrons with ultra-relativistic thermal distribution from previous works (Mahadevan et al. 1996; Shcherbakov 2008; Dexter 2016 ). Finally we obtain the polarization images from integrated I on the screen in the observer's frame. Faraday coefficients (ρQ, ρU , ρV ) are often so large in the disk region that the calculation are practically impossible. To avoid such difficulty, we adopted the alternative expression of polarized components (Q, U, V ), spherical Stokes parameter (RS, ΨS, ΦS) (Shcherbakov et al. 2012) ;
and we can then successfully calculate polarization fraction without divergence nor attenuation (Mościbrodzka et al. 2017) . We set the screen at r = 10 4 rg from the central black hole and trace rays with the black hole being at the origin. The numerical box of radiative transfer calculation is r ≤ 100rg with 512 × 512 grids. Radiation transfer calculation is made for each radiation frequency, ν. The angular diameter of the M87 BH is rg = 3.8µas for the distance of D = 16.7 Mpc (Mei et al. 2007) and the mass of MBH = 6.5 × 10 9 M (EHT Collaboration et al. 2019a).
Since the GRMHD simulations only give proton temperature (Tp) distributions, we need to prescribe how to determine electron temperatures, Te. In the present study, we calculate the electron temperature by using the following relation (introduced by Mościbrodzka et al. 2016) , where β is the ratio of gas pressure to magnetic pressure (socalled plasma-β) and R high and R low (≡ 1) are numerical constants. Roughly, R high corresponds to the ratio of proton to electron temperatures in the inner disk, whereas R low corresponds to the same but in the jet region. Each parameter value of calculated models in the present study will be summarized in section 2.3.
Parameter setting for polarized GRRT calculation
There are many model parameters in the present study, but some of them are not free parameters (see also Table 1 for calculated models). We fix the value of R low (= 1) in addition to the distance, D, and the black hole mass, M , as are already mentioned, while we vary the black hole spin, a, inclination angle, i (see Fig. 1 ), and the value of R high .
Bearing the M87 case in mind, we assign the fiducial parameter (or best-fit one based on our results) set as (a, R high , i) = (0.9MBH, 100, 160 • ) (i.e., Model "a09R100"). We should also note that the mass accretion rate (Ṁ ) is not a free parameter but is determined so as to reproduce the observed flux of M87 core in 230 GHz to be 0.5 Jy (EHT Collaboration et al. 2019d) in the present study. As a result, the mass accretion rate is distributed in the range of (0.9 − 65) × 10 −3 M /yr, depending not only on the black hole spin, but also on the inclination angle (since the emission is highly anisotropic), as is shown in table 1.
Polarization Properties

Polarization images: fiducial model
We first show in the top panel of figure 2 the ν = 230 GHz intensity (Stokes I, in the brightness temperature
Iν ) image overlaid with the polarization vectors of our fiducial model. Here we observe the jet from below the equatorial plane (i = 160 • , see figure 1), so the approaching jet (or counter jet) appears in the lower (upper) half of each panel. In the color contours we can observe the black hole "shadow". We also find that the left half of a photon ring is brightened by special relativistic beaming effect due to plasma motion and gravitational blue-and red-shift due to black hole spin aBH = 0.9MBH.
We calculated linear polarization vectors from the Stokes Q and U images at 230 GHz and overlay them on the color contours in the upper panel. Here the length of each vector is taken to be proportional to the polarized intensity ( Q 2 + U 2 ). We see a rough tendency that the polarization vectors are vertically ordered on its left side. In contrast, vectors in the outer region are disordered. We should note that linear polarization properties displayed in this figure do not directly reflect magnetic field structure, since they suffer Faraday rotation (discussed in 4.1).
We 
Polarization images at 86 GHz
We next show in figures 3 the intensity image overlaid with the vectors representing linear polarizations (upper panel) and the circular polarization image (lower panel) at 86 GHz. Note that the spatial scale of this figure is by a factor of 2.5 as large as that of figure 2. We should also note in this figure that the length of each vector in the upper panel is taken to be proportional to the linear polarization degree (i.e., Q 2 + U 2 /I), not to the polarized intensity itself (i.e., Q 2 + U 2 ) as is the case in figure 2. This is to clearly display the polarization vectors in the jet regions with low intensity.
In the upper panel of figure 3 we can clearly observe both of the approaching jet (in the lower part) and the counter jet (in the upper part). This contrasts figure 2, in which jet components are not clear at 230 GHz. We also notice that the both jets show limb-brightening. This is because high Lorentz factors are achieved at the jet rim (see figure 12 of Nakamura et al. 2018) . The counter jet is also bright, and its intensity looks comparable to that of the approaching jet. This is partly because the gravitational lensing effects tend to enhance the light from the counter jet and partly because the bulk Lorentz factor is modest (ΓL < ∼ 3) so that the boosting effects of the approaching jet cannot be so large (see also appendix B for discussion regarding the consistency of our calculation with the 86 GHz observation).
Let us next examine the linear and circular polarization properties in the upper and lower panels of figure 3, respectively. We can see ordered linear polarization vectors in the outer, downstream region in the approaching jet, but they are less ordered in the region nearer to the black hole and in the counter jet. The well-ordered polarization-vector configuration in the outer region of our calculation image agree well with the results of 86 GHz polarimetry by Hada et al. (2016) . It is, however, premature to derive any useful constraints on theoretical models from this comparison, since the knot is in the ambivalent location (∼ 0.1mas ≈ 27rg from BH), where the polarization vectors exhibit a transition from well-ordered to disordered configurations. Furthermore, our simulation region (≤ 100rg) is smaller than the beam size of their observation and the size of the M87 core. In order to make thorough comparison with the polarimetry at 86 GHz and at even lower wavelengths we need larger simulation-box calculations, as well as observation with higher resolution and better sensitivity. We also see that the circular polarization is stronger in the counter jet than in the approaching jet.
Polarization images: low-and high-spin models
In this subsection we compare the results of the low spin model (a05R100) and of the high spin model (a099R100) with those of the fiducial model. Figures 4 are the same as figure 2 .but for the cases with a lower spin of a = 0.5MBH (in the left panels) and those with a high spin of a = 0.99MBH (in the right panels), respectively. Note that the mass accretion rate is adjusted so as to give the same total intensity as that of the observation of M87 (see Table 1 ).
Let us first check the intensity profiles. We immediately notice much more symmetric ring shape in the low-spin model (see the upper left panel) than in the fiducial model. This is partly because the beaming and de-beaming effects are not so large and partly because jet acceleration is not so significant when the spin is small. When the spin parameter is as large as a = 0.99MBH, by contrast, the approaching jet image is clear (see the lower-left zone in the upper-right panel), which was not visible in the fiducial and low-spin models. This is because the plasma bulk motion is accelerated up to the Lorentz factor of ΓL ∼ 3 when the spin is large, so the approaching jet is more brightened than the counter jet by the beaming and de-beaming gap due to the bulk motion of plasmas in the jet. Further, the toroidal motion of gas blobs gives the crescent-like image. This demonstrate that the jet acceleration process strongly depends on the black hole spin (see figure 12 of Nakamura et al. 2018) .
We next examine the linear and circular polarization properties displayed in the upper and lower panels of figure 4. We see that the low-spin model gives rise to a moderately ordered linear polarization vectors across the symmetric ring (at r ∼ 5 − 7rg from the BH), while the high-spin model shows highly nonsymmetric profile; relatively strong linear polarization is found in the left portions of the half-ring and in the region along the left edge of the approaching jet (see the lower-left region extending from the bright ring) due to the relativistic beaming effect. Circular polarization patterns in the low-spin model exhibit monochromatic structure around the photon ring, with negative Stokes V , which is common feature with the lower panel of figure 2. Such circular polarization patterns with positive Stokes V are also seen in the high-spin model (see the lower-right panel of figure 4 ).
Polarization images: hot-disk model
We next calculate the hot-disk model (Model a09R10) and show its intensity map overlaid with polarization vectors and circular polarization map in the upper and lower panels of figure 5, respectively. We calculate the electron temperature according to equation (15); that is, the smaller value of R high means higher electron temperatures in the low-β region; i.e., the disk region, where thermal energy by far dominates magnetic energy. What happens, when the disk temperature is high? Obviously, the radiation originating from the inner disk contributes much to the total flux, leading to the enhancement of the wider image of the disk region in the intensity map (see the upper panel of figure  5 ). As a result, the photon ring, which was clear in figure 2, is no longer visible here. The linear polarization vectors are shorter (low polarization fraction) and show less-ordered struc- ture. Interestingly, the circular polarization properties shown in the lower panel of figure 5 exhibit more noisy structure bicolored by red and blue (inconsistent in its sign) .
Polarization images: nearly edge-on model
Finally, we calculate the 230 GHz polarization maps of the nearly edge-on model (Model a09R100-i135) with i = 135 • and show the results in the upper and lower panels of figure 6.
What are the most remarkable feature that arises by changing inclination angles? The straightforward answer to this question is that the beaming/de-beaming properties are distinct, when we vary the inclination angle, since the relativistic Doppler boosting properties are very sensitive to the line-of-sight direction. We show the linear and circular polarization properties of the low-inclination angle, nearly edge-on model in the upper and lower panels in figure 6 , respectively, together with the intensity map. The most notable feature in this figure is that the intensity contrast between the left and right sides of the photon ring is more enhanced when i is large. Moreover, we can see the lefthand-side sheath of both of the approaching and counter jets. The linear polarization component is disordered in the brightest region, the left side of the photon ring. The circularly polarized light is strong in the left-hand side of this figure and in the counter jet region (in the upper part).
Discussion
Faraday rotation and depolarization in images
The linear polarization properties of synchrotron emission can, in principle, convey the information regarding the magnetic fields in the emitted region, however, the situation is not that simple, since the emission should have experienced the Faraday effects when passing through magnetized plasma before reaching an observer. Therefore, the polarization maps, such as those shown in figures 2 and 3, may not simply reflect the magnetic structure in the AGN jet.
In order to demonstrate that this is really the case, we performed "fake" ray-tracing calculations, in which we artificially eliminate the Faraday effects by setting ρQ = ρU = ρV = 0 in equation (11) and show the results in figures 7 and 8 for the observational frequencies at 230 GHz and at 86 GHz, respectively. These show the original polarization vectors; i.e., their directions are radial from the BH and thus across the photon ring, since the toroidal magnetic field components dominate near the black hole. The light emitted from the region near the BH actually suffers from Faraday rotation when passing through magnetized plasma to go out and, hence, loses the original information regarding the magnetic fields, though we can still see a hint of the original polarization vectors in the top panel of figure 2.
In the 5th column of table 1 we show the polarization fraction in the total flux at 230 GHz for each model. We notice in all models that the polarization fraction is rather small, on the order of a few percents. That is, the total polarization fraction π is suppressed, even though local polarization fraction is as large as ∼ 10%, since the polarization angle at each narrow area shows a diversity and strong polarizations are cancelled out in the total light in the case of nearly symmetric shape of bright regions. Conversely, asymmetrical images tend to give relatively high polarized fractions (see figure 6 ). Its top panel presents the lowest fraction 0.82% in our models, in spite of its concentrated feature. We interpret this to be a result of rather strong Faraday depolarization (see discussion in section 4.2).
At 86 GHz (figure 3 (top) ), we also see that the linear polarization components from the inner flow and counter jet are largely depolarized (cf. figure 8) , though there still remains certain amount of linear polarization in the outer approaching jet. We should also note that these lights may suffer further depolarization in the region even outside our calculation box at r > 100rg. Kuo et al. (2014) observed the core of M87 with the Submillimeter Array at 230 GHz, aiming to constrain its mass accretion rate by the Faraday rotation measure (RM) measurements. They found its polarization fraction to be ∼ 1% and evaluated the RM to be −(2.1±1.8)×10 5 rad/m 2 with a 3σ confidence range between −7.5×10 5 rad/m 2 and 3.4×10 5 rad/m 2 , assuming that the Faraday rotation occurs in outer accretion flow rather than in jet interior, and also assuming a power-law density profile and equipartition between the magnetic fields and electrons, they limited the mass accretionṀ to be below 9.2 × 10 −4 M yr −1 at r = 21rS = 42rg.
Comparison with the polarimetry
To compare our results with the polarimetry by Kuo et al. (2014) , we calculated the total polarized flux by integrating the Stokes parameters on the screen at two wavelengths, 230 and 235 GHz, and calculated the polarization fraction π and RM through the relationship of
where χtot is the linear polarization degree of the total flux. We summarize the calculation results for all models in the 5th and 6th columns of table 1.
There are some noteworthy features found in this table. First, our fiducial model (a09R100) gives reasonable values of π = 2.3% and RM = −2.9 × 10 5 rad/m 2 , which are fallen in the range given by the polarimetry. In this sense, the fiducial model is consistent with the polarimetry observations. The mass accretion rate,Ṁ = 1.4 × 10 −3 M /yr, is, however, outside the allowed range estimated by Kuo et al. (2014) . We interpret this discrepancy as a result of different magnetic field strengths and configurations adopted in their study and in ours. Kuo et al. (2014) assumed that (1) the magnetic energy is equal to the internal energy of electrons (i.e., equipartition) and that (2) the field direction is radial, while we found in the GRMHD simulation data that (1) magnetic energy is significantly less than the electron energy and that (2) the field is mostly toroidal. We should caution that the Faraday rotation is proportional to n Bd (where n is the electron number density and integration is made along the line of sight vector, ), and that we observe the M87 core from the high inclination angle, i = 160 • . Therefore, they over-estimated the contribution of magnetic field to the RM, and so under-estimated the electron density and, hence, the mass accretion rate, compared with our evaluation.
Likewise, we find that models a09R10 and a099R100 are also consistent with the polarimetry, whereas the low spin model (a05R100) and nearly edge-on model (a09R100-i135) give much higher RM values by one and two orders of magnitude, respectively. The high value of the low spin model could be associated with its high mass accretion rate, 6.5 × 10 −2 M /yr, higher than the constraint by Kuo et al. (2014) and also the values in other models, and this highṀ value could be due to weaker acceleration by weak magnetically driven outflow and jet. High accretion rates means high densities of accretion flow in the region near to the BH, leading to enhancement of the Faraday rotation effects. The high value of nearly edge-on model (a09R100-i135), 1.1 × 10 7 rad/m 2 can be understood in terms of the orientation effects. That is, the rays which reach us should have passed through the dense and turbulently magnetized flow near the equatorial plane and thus have experienced the Faraday effects more strongly so that they should be extremely depolarized, compared with other cases with i = 160 • .
Amplification mechanism of circular polarization
We see in all models bright area in the circular polarization image of the counter-jet. Especially in models with lowtemperature disk (Models a09R100, a05R100, a099R100), we find a uniform, ring-like structure around the photon ring (see lower panels of figures 2 and 4). In these images the fraction of circular polarization is > ∼ 10%, much higher than the original fraction ( < ∼ 1%) expected in the synchrotron process. We thus conclude that such high circular polarization degree should be a result of the Faraday conversion from the linear polarization produced by the synchrotron emission. This conclusion is supported by figures 7 and 8, in which the Faraday effects are removed by hand (setting ρQ = ρU = ρV = 0), and which show rather low circular polarization.
We need to make caution that such large circular polarization can be produced, if and only if both of synchrotron emission and Faraday effects occur nearly within the same place which is optically thin for synchrotron self-absorption, Faraday thick, and threaded with ordered magnetic fields. We will explain the reason for this in the following.
Let us first note that strong Faraday conversion is necessary, but is not sufficient, for producing large circular polarization. This is because the Faraday conversion not only causes the conversion from linear polarization to circular polarization, but also yields its back reaction; i.e., conversion from circular polarization to linear polarization. In the limit of very strong Faraday conversion, therefore, both of linear and circular polarization degrees should oscillate from positive to negative and from negative to positive, as radiation propagates (cf. appendix A of Mościbrodzka et al. 2018) . Such features are not seen, at least in the circular polarization maps of the low-temperature disk models. Then, how is such uniform amplification of circular polarization realized? It will be instructive in this respect to examine the discussion by Dexter (2016) who considered an equation with uniform emission, Faraday rotation, and conversion (without absorption) in his appendix C,
where jQ, jU , jV , ρQ, ρV are the same as those in eqs. (8)-(11), s is the distance, and θB is an angle between the magnetic field line and the propagation vector of light-ray (line of sight). Here we can assume ρU = 0 without loss of generality. These equations have analytic solutions,
V (s) = ρV ρ 2 (jQρQ +jV ρV )s− ρQ ρ 3 (jQρV −jV ρQ)sinρs+ jU ρQ ρ 2 (1−cosρs),(20 here ρ ≡ ρ 2 Q + ρ 2 V . We, here, consider the amplification of V (s) under the condition of |jQ|, |jU | |jV | ∼ 0. If the path is Faraday thin, ρs 1, the solutions written up to second order of ρs are
(Here, we set ρQ = ρV = ρ/ √ 2 for simplicity.) We thus understand that V (s) actually increases but not faster than Q(s) and U (s), as long as the path length (s) is short.
If the path is Faraday thick, ρs 1, conversely, the first term of Q(s) and V (s), which is linear with respect to the path length s, dominates over other terms, and also over the terms in U (s). We thus have
from eq. (18) -(20), by eliminating the oscillating terms, which should be negligible in the limit of large Faraday optical depth, ρs 1. (Here, we still assume |ρQ| ∼ |ρV | but distinguish ρQ and ρV for the convenience of later discussion.) As a result, circular polarization degree can grow up to become comparable to that of linear polarization in the condition of balanced Faraday effects, provided that |ρQ| ∼ |ρV | and that Faraday optical depth is large, ρs > ∼ 1. This occurs even with negligible circular-polarized emission (|jV | |jQ|, |jU |).
In detail, the sense of amplification (positive or negative) is associated with that of Faraday rotation, which is proportional to the line-of-sight component of magnetic field (ρV ∝ cosθB), and suggests the 'direction' (approaching to or away from us) of magnetic field line.
The biggest assumptions made in the above analysis resides in uniform Faraday coefficients; in other words, magnetic field lines are assumed to be well-ordered and their strengths, as well as electron temperatures, do not vary so much from the place of synchrotron emission to that of Faraday conversion. Otherwise, ρQ or ρU may change their sign, leading to reduction of the circular polarization degree. Therefore, there are three conditions for the growth of circular polarization: (1) the synchrotron plasma is optically thin but Faraday thick. (2) The Faraday rotation and conversion are balanced there; i.e., |ρQ| ∼ |ρV |.
(3) Synchrotron emission and Faraday conversion take place roughly in the same region threaded with well-ordered magnetic fields and with nearly uniform electron temperatures.
Let us apply this analysis to our models and search for the regions where the three conditions mentioned above are met. In short, the above three conditions are satisfied in the jet rim near the black hole but only in models with low-temperature disk. We first show the place where synchrotron radiation originates from in the left panel of figure 9 . Here we plot the contours of synchrotron emissivity at 230 GHz for our fiducial model. (Note that synchrotron emissivity in this plot is estimated simply from magnetic-field strength, electron density in the fluid rest flame, and electron temperature at that point and that relativistic effects are not considered.) Although no sigma-cutoff condition is adopted here, we find that the emission region is concentrated at the jet rim below z ∼ 8rg, as is indicated by the yellow color. The reason of why no emission is found within the funnel region is that the most luminous region in our model nearly coincides with the funnel wall, where σ ∼ 1, and not the region with high σ values. Note that the same feature is found in other SANE-jet model (see, e.g., Figure 12 of Mościbrodzka et al. 2016) . It is important to note that contribution from the disk (inflow) is negligible in this model, since the disk temperature is relatively low (R high = 100).
Next, let us examine the place where the Faraday effects are large. We plot such regions in the right panel of figure 9, finding that the region similar to the yellow region in the left panel shows large value in the right panel; more precisely, the jet rim but below z ∼ 5rg shows high conversion. Thus, the high emissivity region and high conversion region are nearly identical. Furthermore, we confirm that the condition of |ρQ| ∼ |ρV | also holds in this rim region. This is reasonable, given that the ratio of coefficients of the Faraday effects is |ρQ/ρV | ∝ BT 3 e in the limit of high temperature (because we Shcherbakov 2008; Dexter 2016) in the limit of high-temperature, θe ≡ kBTe/mec 2 > ∼ 1 ⇔ Te > ∼ 10 10 K, where Kα(x) is α-rank modified Bessel function), so the hotter and magnetically stronger, the higher this ratio. Furthermore, we find that only the region of near the black hole ( < ∼ 5rg) is Faraday thick, where toroidal magnetic fields are dominant and well-ordered toroidal fields drive the jet.
To conclude, all the conditions for the amplification of circular polarization is satisfied in the jet rim near the black hole, Hence, radiation originating from that region undergoes significant amplification of circular polarization before reaching an observer, thus producing ring-like circular polarization image. In other huge regions with large Faraday rotation circular polarization does not grow appreciably (cf. equation (A5) of Mościbrodzka et al. 2018) . Focusing on the sign of amplified circular polarization, we can state that the low spin model a05R100 has magnetic field with different direction from other two models a09R100 and a099R100, as described above.
We finally consider the case of high-temperature disk (a09R10), which exhibits rather noisy and disordered structure in circular polarization image (see Fig. 5 ). We can see that both of the emission region and Faraday region are larger, compared with those of low-temperature models shown in figures 9, and extend to the inner disk. This is because the inflow part, which is in the form of RIAF (radiatively inefficient accretion flow; see, e.g., Kato et al. 2008, chap. 9) , is now visible. Since the RIAF is threaded with turbulent magnetic field lines, the conditions of ordered field described above are not satisfied there. To be more precise, high temperature, which gives rise to large absolute values of the conversion coefficients (ρQ and ρU ), is not sufficient to enhance CP components by conversion. In addition, magnetic field lines should have ordered structure in the whole conversion region, since otherwise the CP component disorderly varies, changing their sign and absolute values, along each path, so that the integral along the path will get smaller. This is the reason why the CP image of hot disk model (with high turbulence and high temperature) shows chaotic structure with diverse degrees of zero up to ∼ ±10%, while the CP image of fiducial model (with low turbulent and low temperature) exhibits uniform structure in its sign with the degrees of > ∼ 10%. We can thus understand why high-temperature disk model yields not so large circular polarization.
In summary, we specify the conditions that circular polarization grows up through the Faraday effects by ordered magnetic field. As a consequence, it will be possible to elucidate the magnetic field direction and temperature distribution of emission plasma, from the observation of circular polarization. It may also be possible to identify the emission regions, either of disk or jet, or both. Comparing the SANE and MAD regimes in terms of circular polarization, we can infer that Faraday conversions would be stronger in the semi-MAD case than in the SANE case. This is because stronger and better-ordered magnetic field lines make the conversion process more effective.
Comparison with previous studies
Mościbrodzka et al. (2017) calculated a polarized radiative transfer for the SANE (standard and normal evolution) models of M87 for the spin parameter of aBH ≈ 0.94MBH, and the inclination angle of i = 20 • . [Note that the base GRMHD models of our calculation are classified to the semi-MAD (magnetically arrested disk) model.] A big distinction between their results and ours appears in the dependence of the estimated mass accretion rate on the changes of electron temperatures in the disk (or the R high value, see equation 15). According to their table 1Ṁ varies from 9 × 10 −3 M /yr to 1 × 10 −3 M /yr as R high changes from 100 to 10, whileṀ only changes by a factor of ∼ 1.5 (from 1.4 × 10 −3 M /yr to 9.0 × 10 −4 M /yr) for the same change in R high in our case. This is because the semi-MAD jet is more powerful than the SANE jet that the contribution of the jet emission relative to the disk emission should be much larger. As a result, the disk temperature is less important in our calculations, than in theirs, when calculating the total flux. This different dependence also affects the observational properties of the linear polarization vectors. Their figures 6 and 7 show that the original polarization structure survives to some extent in a hot-disk models (their RH1 and RH5), while it is disordered and depolarized in a cold-disk models (RH20 and RH40). In our simulations, by contrast, Faraday rotation and depolarization are fatal even in the hot-disk model (a09R10) due probably to the strong magnetic field in the semi-MAD scheme and due also to the axial symmetry of the GRMHD simulation which we adopted.
As for the Faraday RMs, our absolute values in Models a09R100, a09R10, and a099R100 are in the same order as theirs. In addition, it might be noted that their circular polarization fraction is comparable to the linear one in all models, which is the common feature also in our calculations.
Conclusion
We performed general relativistic, polarimetric radiative transfer calculations based on the axisymmetric GRMHD simulation data by Nakamura et al. (2018) and made polarization images in the event-horizon scale to compare with future EHT polarimetry to elucidate the roles of magnetic fields for launching jets and outflow. Our results can be summarized in the following way:
• The calculated images at 230 GHz are sensitive to the black hole spin. Our fiducial model with the black hole spin of aBH = 0.9MBH, can reproduce the asymmetric crescentshape photon ring and absence of jet features as are observed in the recent EHT observations of M87. • We calculated linear and circular polarization maps. We found in all models that the linear polarization vectors, that can be seen at a distant observer, could be significantly modified by the Faraday rotation and depolarized so that the original information regarding the magnetic field properties may be lost at least partly. We also find that the circular polarization can grow via Faraday conversion of the linear polarization in the hot plasmas threaded by ordered magnetic fields, thus the circular polarization images provide information regarding the direction of magnetic field lines. • We compare our results with the polarimetry of M87 core at 230 GHz in terms of rotation measure (RM) and the estimated mass accretion rate, finding that the fiducial model with a = 0.9MBH are again favored over other models with a = 0.5MBH or 0.99MBH. • One of the most outstanding issues is to compare the polarization images obtained by highly-resolved polarimetry of M87 and LLAGNs, to elucidate the magnetic field structures and the origins of jet eruption near the SMBH. 
Appendix B Convolved image in 86 GHz
The 86 GHz image in figure 3 might seem to contradict the well-known feature of M87 jet, an outstanding approachingcomponent as seen in larger-scale observations (cf. Hada et al. 2016; Kim et al. 2016; Walker et al. 2018) . To dispel this doubt, we post-processed 86 GHz image of the fiducial model (the brightness contour of upper panel in figure 3 ) with a pythoninterfaced library 'SMILI' (Sparse Modeling Imaging Library for Interferometry, Akiyama et al. 2017a; Akiyama et al. 2017b ), convolving the original image by Gaussian beam with the size of the 86 GHz observation (Hada et al. 2016) , and show it in figure  B1 , finding it in good agreement with the observation in the scale of ∼ 100rg ≈ 0.4mas from the core. 
Appendix C Sigma cutoff
We took no sigma cutoff in the present study, whereas the sigma cutoff, in which the region with σ ≡ B 2 /4πρpc 2 > σ cutoff is removed in transfer calculation, is often implemented in order to avoid unphysical effects arising because of low-density floors set in the MHD simulations. To see how the results depend on the values of the sigma cutoff, we performed two additional simulations of the fiducial model (with R high = 100): one with the sigma-cutoff of σ cutoff = 20 and another with σ cutoff = 1. (The latter condition was adopted by the EHT collaboration.) Note that the mass input rate in the latter case is increased to beṀ = 2.2 × 10 −3 M yr −1 to give the same radio flux of 0.5 Jy. The results are displayed in figure C1 . We find no large differences from that of the fiducial model shown in figure 2, and the conclusions in the present study are not altered.
In a previous work, Chael et al. 2019 , they showed different sizes of the BH-shadow among different sigma-cutoff values, since the approaching jet with high-σ values is brighter because of globally higher temperatures (see the central panel of their figure 3) and larger Lorentz factors. In our models, by contrast, the approaching jet is not so luminous to affect the size of the shadow, as seen in figure 9 and described in subsection 4.3, and the inclusion of the high-sigma region do not change the size of the shadow. Fig. C1 . Same as figure 2 but for the case with sigma cutoff of σ cutoff = 20 and the case with σ cutoff = 1 in the left and right panels, respectively. The accretion rate is the same as that of the fiducial model in the left panel, while it is increased to beṀ = 2.2 × 10 −3 M yr −1 in the right panel so as to give a total radio flux of 0.5 Jy.
